TRANSACTIONS OF THE
AMERICAN MATHEMATICAL SOCIETY
Volume 340, Number 1, November 1993

MULTIVARIATE DISCRETE SPLINES
AND LINEAR DIOPHANTINE EQUATIONS

RONG-QING JIA

ABSTRACT. In this paper we investigate the algebraic properties of multivari-
ate discrete splines. It turns out that multivariate discrete splines are closely
related to linear diophantine equations. In particular, we use a solvability con-
dition for a system of linear diophantine equations to obtain a necessary and
sufficient condition for the integer translates of a discrete box spline to be lin-
early independent. In order to understand the local structure of discrete splines
we develop a general theory for certain systems of linear partial difference equa-
tions. Using this theory we prove that the integer translates of a discrete box
spline are locally linearly independent if and only if they are linearly indepen-
dent.

1. INTRODUCTION

Multivariate discrete splines are closely related to linear diophantine equa-
tions. The close relationship between them was first revealed by Dahmen and
Micchelli [12].

Let X be an s x n integer matrix. Given o € Z*, consider the following
system of linear diophantine equations for f € Z",

Xp=a.

The number of nonnegative integer solutions f to this system is denoted by
t(a]X). Itis easily seen that ¢(a|X) is finite as long as the convex hull of X does
not contain 0. It turns out that the sequence (#(a|X))aezs is just the so-called
discrete truncated power associated with X . In [12] Dahmen and Micchelli used
the discrete truncated power as a tool to study linear diophantine equations. In
particular, they reproved and extended certain results of Stanley [25, Chapter
4] about magic squares. Following their approach, the author in [17] solved a
conjecture of Stanley about symmetric magic squares.

Let H = diag{h;, ..., h,} be an n x n diagonal matrix with N; := 1/h;
being positive integers, j =1, ..., n. Such a matrix is called a scaling matrix.
If all the diagonal entries in H are equal, then H is called a simple scaling
matrix. Consider the following system of linear equations for f € Z",

XHp = a.
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Given o € XH(Z"), the number of solutions g € [[}_,{0,1,..., N; - 1}
to the above system is denoted by by(a|X). It turns out that the sequence
(br(a|X))acxm@m is just the so-called discrete box spline associated with X
and H . The discrete box spline plays an important role in applications such as
computer generation of surfaces (see [4 and 8]). In the special case of simple
scaling, Dahmen and Micchelli [11] established several algebraic properties for
the discrete box spline, and they were wondering whether their results could
be generalized to the discrete box spline with respect to arbitrary diagonal scal-
ing. In this paper we shall give a comprehensive investigation of the algebraic
properties of the discrete box spline in the general case. Even in the simple
scaling case our results are much more satisfactory than the original results of
Dahmen and Micchelli in [11]. Our results are based on a study of the solv-
ability of linear diophantine equations. It is remarkable that a condition on the
solvability of linear diophantine equations leads us to a necessary and sufficient
condition under which the integer translates of a discrete box spline are linearly
independent.

In order to study the local linear independence of the integer translates of
a discrete box spline we need to understand the local structure of the discrete
box spline. The local structure of the box spline was studied by de Boor and
Hollig [3], and Dahmen and Micchelli [7]. Their study was related to certain
systems of linear partial differential equations. In the discrete case the problem
is related to certain systems of linear partial difference equations (see [10 and
12]). Following their lead we shall investigate certain systems of linear partial
difference equations in a more general setting. This investigation enables us
to prove that the integer translates of a discrete box spline are locally linearly
independent if and only if they are linearly independent.

The paper is organized as follows: After reviewing some basic properties
of multivariate discrete splines in §2 and some conditions on the solvability
of linear diophantine equations in §3, we give in §4 a necessary and sufficient
condition for the integer translates of a discrete box spline to be linearly in-
dependent. Section 5 is devoted to a study of certain linear partial difference
equations arising from multivariate discrete splines. In §6 we give a satisfactory
description of the local structure of the discrete box spline. The results of §§5
and 6 are then applied to the study of local linear independence in §7. Finally,
in §8, we extend the previous results to multivariate discrete exponential splines.

2. MULTIVARIATE DISCRETE SPLINES

In this section, we review some basic properties of truncated powers and box
splines and their discrete counterparts. Let us first introduce some notation.
We view a real (complex) s-vector as a real (complex) s x 1 matrix. Let R®
(C%) be the linear space of all real (complex) s-vectors. The transpose of a
given matrix A is denoted by A7 . The scalar product of two vectors x, y € C*
is defined to be xTy. By R, (resp. Z,) we denote the set of nonnegative
real numbers (resp. nonnegative integers). Recall that a distribution on R® is
a continuous linear functional on the test function space Z(R*) (e.g., see [22,
Chapter 6]). The space of all distributions on R* is denoted by Z'(R*). The
Fourier-Laplace transform of a test function ¢ 1is given by
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o) = | d(x)exp(—i€Tx)dx, EeC.
]RI

The Fourier-Laplace transform of a distribution is defined accordingly.

Let X be an s x n real matrix. The truncated power T(:|X) associated with
X was introduced by Dahmen [5]. If the convex hull of the column vectors of
X does not contain 0, then T'(-|X) is the distribution given by the rule

2.1) T(-1X): ¢ /R S(Xuydu, ¢eDE®)

The box spline B(:|X) associated with X was introduced by de Boor and
DeVore [2], and de Boor and Hollig [3]. It is the distribution given by the rule

(2.2) B({|X): ¢ 0.1y d(Xu)du, ¢ e Z(R%),

where [0..1) denotes the interval {re R: 0<r < 1}.
In what follows we assume that all the columns of X are nonzero integer
vectors. Then it follows from (2.1) and (2.2) that for all ¢ € I (R?),

(T(1X), ¢) = ¢(Xu)du

Z /01 X(u+ B))du

ez’

= ) (B(- - XBIX), ¢).

pez;
Hence, with
HalX):=#{BecZ':XB=a}), oacZ,

where #E denotes the number of elements in a set E, we have

T(|X) =) t(alX)B(- - a|X).
a€Zs

This relation was established by Dahmen and Micchelli in [6]. The sequence
t(-|X): a— t(a|X) (e € Z°)

is called the discrete truncated power associated with X .
Let H =diag{h;, ..., h,} be a scaling matrix and set

(2.3) Ey = (HZ")N[0..1)" H{o hiy..., 1—hj}.

The box spline B(:|X) can be represented in terms of the integer translates
of the box spline B(-|XH). More precisely, it follows from (2.2) that for all
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¢ € I (RY),
(B(|X), ¢) = / $(Xu)du
[0..1)"

= (detH) / #(XHv)dv
H-1([0..1)")
—@ett) Y [ o(XH@+p)dv
peH~\(Ex) W 10-1)"
= (detH) > (B(-- XB|XH), ).
BEEY
Therefore, with
(2.4) n(a|X) =#{BcEy: XB=a}, acX(Ep)),
we have
(2.5) B(-|X) = (detH) > bu(alX)B(-—alXH).
a€X(Ey)

The sequence
bu(-1X): a bu(alX)  (a € X(En))

is called the discrete box spline associated with X and H. When H =
diag{h, ..., h} is a simple scaling matrix we write b,(-|X) for by(-|X). The
discrete box spline was introduced by Cohen, Lyche, and Riesenfeld [4], and by
Dahmen and Micchelli [8].

From (2.4) we see that by(-|X) is supported on the finite set X(Ey). Thus
we may view by(-|X) as a linear combination of Dirac measures

bu(1X)= Y. bu(alX)é(--a),
a€X(Ey)
where J is the distribution given by
(0, ¢) =¢(0), forall p € D (R’).
Then (2.5) may be rewritten as

(2.6) B(-|X) = (det H)by(-|X) * B(:|XH).
In particular, in the simple scaling case, we have
2.7) B(:|X) = h"by(+|X) * B(:|hX).

From (2.2) we see that B(-|hX) converges to é in &’'(R*) as h — 0, hence
(2.7) yields
}lirr(l) h"b,(+|X) = B(:| X).
Taking Fourier-Laplace transforms of both sides of (2.6), we obtain
B(-|X)™ = (det H)bu(-|X)"B(-/XH)".
The Fourier-Laplace transform of B(:|X) is well known (see [3]):

n _ _ kT .
(2.8) BUX) @) = [[ Rl X)) e,

j=1

iTx;
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where x; denotes the jth column of X, j=1,..., n. It follows that
n
1 —exp(—i¢Tx;)) s
(2.9) bi( III_CM)_KT% o ST

3. LINEAR DIOPHANTINE EQUATIONS

Let A bean mxn integer matrix and b an integer m-vector. In this section
we are concerned with the following system of linear diophantine equations

(3.1) Ay = b.

We shall give a necessary and sufficient condition for the system (3.1) to have in-
teger solutions for y. To this end we first recall some concepts from elementary
matrix theory.

We use the usual notation for matrix partition. For example, if ay, ..., a,
are the columns of a matrix A4, then we may write

=lay, ..., an)

An m x n matrix with m < n is said to be of full row rank if its rank equals
m. An m x n integer matrix U of full row rank is said to be unimodular,
if any m x m submatrix of U has determinant —1, 0 or 1. In particular, a
square matrix U with integer entries is unimodular if and only if |detU|=1.
Let A and B be two m x n integer matrices. We say that B is left equivalent
to 4 if B = UA for some m x m unimodular matrix U ; B is right equivalent
to A if B= AV for some n x n unimodular matrix V .

For two integers p and g, we use the notation p | ¢ to indicate that ¢
is an integer multiple of p. For a set E of integers we denote by g.c.d.(E)
the greatest common divisor of the integers in E. If E = {0}, we adopt the
convention that g.c.d.(E) = 0. Let 4 be an m x n integer matrix with m < n.
We denote by d,4 the g.c.d. of all m x m minors of 4. For J C{l,..., m},
we denote by A(J) the matrix made up of the rows of A4 indicated by J.
From the Laplace expansion of determinants we see that d 4 )|d4 .

Lemma 3.1. Let A and B be two m x n integer matrices with m < n. If there
isan n x n integer matrix C such that B = AC, then d,|dg. Moreover, if B
is right equivalent to A, then d s =dp.

Proof. If B = AC for some integer matrix C, then every column of B is an
integer linear combination of the columns of 4. Then every m x m minor of
B is an integer linear combination of the m xm minors of A, which are integer
multiples of d4. This shows that d4|dg . Moreover, if C is unimodular, then
A=BC~! and C-! is also an integer matrix. Hence dp|d,, and so d4 =d3,
as desired. O

The following theorem can be found in [24, p. 10]. However, for reader’s
convenience, we shall give a proof for it.

Theorem 3.2. Let A be an integer matrix of full row rank. Then the system
(3.1) has an integer solution for y if and only if dq = dj4 p).

Proof. Assume that 4 is an m x n matrix with m < n. From the very
definition of d4, we have d4 ;|d.. Suppose that (3.1) has an integer solution
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y . Then

(4, b] = All, y],
where I is the n x n identity matrix. By Lemma 3.1, d4|dj4, 5. Thus d4 =
dj4,p) > as desired.

Suppose conversely that d4 = d4 5. We wish to prove that the system (3.1)
has an integer solution for y. Every integer matrix is left equivalent to an
integer matrix in row-echelon form (e.g., see [23, pp. 294-295]). Thus, AT is
left equivalent to an integer matrix whose last n — m rows are all zero. After
taking transpose, we find that there exists an n x n unimodular matrix U such
that the last n —m columns of the matrix B := AU are all zero. It follows that

U 0
#.o=1.0] ) ],
so [B, b] is right equivalent to [A4, b]. Hence by Lemma 3.1 and the assump-
tion that d,4 = dj, 5 we have

(3.2) dg =d4=di4,p =dip p)

Let C be the matrix made up of the first m columns of B. Since the last
n — m columns of B are all zero, we deduce from (3.2) that

|detC| = dc = dp = dig ) = dic, -

By Cramer’s rule the vector C~!b is an integer m-vector. Let z be the n-
vector of which the first m components are those of C~!b and the remaining
ones are zero. Then y := Uz is an integer n-vector and satisfies

Ay=AUz=Bz=C(C™'b)=b. O

Corollary 3.3. The system (3.1) has integer solutions for any given integer vector
b ifandonlyif ds=1.

Proof. The sufficiency of this corollary is a straightforward consequence of The-
orem 3.2. For the necessity, let e; be the jth column of the m x m identity
matrix / (j=1,..., m) and for each j let y; be an integer solution to the
system Ay =e¢;. Set

Y=[.V1,J’2a e sJ’m]-
Then AY =1. By Lemma 3.1 we have d|d;. But d; =1, hence dy=1. O

The following theorem relaxes the condition in Theorem 3.2 that A is of full
row rank.

Theorem 3.4. Let A be an m x n integer matrix. The system (3.1) has an
integer solution for y if and only if the following two conditions hold.

(i) rank(A4) = rank([A4, b]).

(ii) There exists a subset J of {1, ..., m} such that rank(A4) = rank(A(J)) =
#J and dA(J) = d[A)b](J) .
Proof. From linear algebra we know that the condition (i) is necessary. Theo-
rem 3.2 tells us that the condition (ii) is also necessary. To prove the sufficiency,

let J be a subset of {1, ..., m} such that rank(4) = rank(4(J)) = #J and
d 4y = dj4,5)s) - Denote by a; the jth row of 4, and by b; the jth com-
ponentof b, j=1,..., m. By Theorem 3.2 one can find an integer vector y
such that

(3.3) ajy =b;
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for all j € J. By virtue of the condition (i) we have
rank([4, b](J)) > rank(A(J)) = rank(A4) = rank([4, b]) > rank([4, b](J)).

It follows that rank([4, b](J)) = rank([4, b]). This shows that any row of
[4, b] is a linear combination of the rows of [4, b](J). But every row [a;, bj]
of [A4, b](J) satisfies (3.3), hence so does every row [a;, b;] of [4,b], j =
1, ..., m. In other words, y satisfies the equation (3.1). O

4. LINEAR INDEPENDENCE OF THE INTEGER TRANSLATES
OF A DISCRETE BOX SPLINE

In this section we shall investigate the linear independence of the integer
translates of the discrete box spline by(-|X). Here, H = diag{h,, ..., h,} is
a scaling matrix with N; = 1/h; being positive integers, j=1,...,n,and X
is an s x n integer matrix. Further, we assume that X is of full row rank. We
denote by #(X) the collection of all s x s invertible submatrices of X .

Let ¢ be a distribution supported on a compact set in R°. For any f € Z*,
¢(-— B) is called a (multi)integer translate of ¢ . Consider the nullspace N(¢),
i.e., the set of those sequences f: Z° — C for which

Y f(B)¢(-—B)=0.

BEZs

If N(¢) is trivial, i.e., N(¢) = {0}, then we say that the integer translates
é(-— B) (B €Z*) are linearly independent.

It was de Boor and Hollig [3] who first studied the linear independence prob-
lem for integer translates of a box spline. Given an integer matrix X of full
row rank, they showed in [3] that the integer translates of the box spline B(-|X)
are linearly independent only if the matrix X is unimodular. Dahmen and
Micchelli [7], and Jia [15] independently, proved that this condition is also suf-
ficient. For the discrete case, Dahmen and Micchelli [11] demonstrated that the
condition that X is unimodular is also sufficient for the integer translates of
by (-] X) to be linearly independent, but pointed out that this condition, in gen-
eral, is not necessary. In this section, we shall give a complete characterization
for the linear independence of the integer translates of by (-|X) in the general
scaling case.

Our results are based on a characterization of the linear independence of the
integer translates of a compactly supported distribution. Let

K(¢) :={z € (C\{0})*: (2#)pezs € N(¢)}.
When ¢ is a compactly supported continuous function, Dahmen and Micchelli
[7] showed that N(¢) is trivial if and only if K(¢) is empty. Ron [21] extended
their result to the case in which ¢ could be a compactly supported distribution
and observed that for 8 € C*, ¢'% € K(¢) if and only if (A0 + 27ax))aezs = 0.
Thus their result can be stated as follows.

Theorem 4.1. Let ¢ be a distribution supported on a compact set in R*. Then
the integer translates ¢(- — B) (B € Z°) are linearly»independent if and only if
Jor any 0 € C*, there exists some a € Z* such that ¢(0 + 2na) #0.

Let us apply this theorem to the study of linear independence of the integer
translates of the discrete box spline by(+|X). Recall that the jth column of X
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is denoted by x;, j =1, ..., n. The Fourier-Laplace transform of by (:|X)
was given in (2.9), from which we find that

bu(-|X)"(0 +2ma) #0

if and only if

(4.1) xT(0 + 2na) ¢ 27(Z\N,Z)

forall j =1,...,n. Given 6 € C*, let J be the set of those indices j
for which ijO € 2nZ. Then for j ¢ J, (4.1) holds automatically, while for
Jj € J, (4.1) is equivalent to x[a — b; € N;Z where b; = —x76/2n is an
integer. Note that the vector b = (b;)jes lies in span(X7(J)), the real linear
space spanned by the column vectors of X7(J). On the other hand, given an

integer vector b € span(X7(J)) one can find 6 € C* such that X7(J)§ = b.
This motivates us to consider the n x (s + n) integer matrix

(4.2) A:=[XT, diag{N,, ..., N,}].
From the above remarks we conclude that the integer translates of by (:|X) are
linearly independent if and only if for any nonempty subset J of {1,..., n}

and any integer vector b € span(XT(J)) the system of linear diophantine equa-
tions

(4.3) A(J)a=b

has an integer solution a € Z**t". We are now in a position to prove the main
result of this section.

Theorem 4.2. The following statements are equivalent:

(i) The integer translates by (- — B|X) (B € Z*) are linearly independent.
(ii) For any linearly independent set {x;: j € J} of columns of X, d4) =

1, where A is the matrix given in (4.2) and J C {1,...,n}.
(iii) For any linearly independent set {x;: j € J} of columns of X,
(4.4) g.C.d.{de(J) , g.C.d.{Nj: JE€ J}} =1.

Proof. (i) = (ii): Suppose that {x;: j € J} is linearly independent. Then any
vector b € Z7 lies in span(X7(J)). Thus, if the integer translates of bg(-|.X)
are linearly independent, then given any integer vector b € Z’ the system (4.3)
has integer solutions. Consequently, by Corollary 3.3 we have d4,) =1, as
desired.

(i) = (iii)). Denote by c¢(J) the left-hand side of (4.4). Let B be an
| x | submatrix of A(J), where /| = #J. Then either B is a submatrix of
XT(J), or detB is an integer multiple of some N, k € J. In the former
case, dyr(J)|det B, while in the latter case, N;|detB. Hence in both cases,
c(J)|detB. The g.c.d. of the determinants of such submatrices B is d4,
which is 1 by assumption. This shows that ¢(J)=1.

(iii) = (ii) . We prove this by induction on /:=#J . The case [ = 1 is triv-
ial. Suppose that {x;: j € J} is linearly independent, where J C {1, ..., n}
has cardinality / > 1. To an index j € J and an (/ — 1) x (/ — 1) subma-
trix of A(J\j) there corresponds an / x / submatrix B of A(J) such that
det B = +(det C)N; . The g.c.d. of the determinants of all such submatrices C
is d4(s\j) > which is 1 by the induction hypothesis. This shows that d,|N; for
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all j € J. Moreover, d, )ldxr(;) . It follows that dylc(J). But ¢(J) =1
by assumption, hence dy) = 1.

(i1) = (1). We have demonstrated that (i) is true provided that for any
nonempty subset J of {1,..., n} and any integer vector b € span(X7(J)),
the system (4.3) has integer solutions. To prove the existence of integer solu-
tions of (4.3), by Theorem 3.2 it suffices to show that d4)|det B for any / x/
submatrix B of [A(J), b], where / = #J . Let B be such a matrix. Then there
exists a subset K of J and a square matrix C consisting of some columns of
[XT(J\K), b(J\K)] such that detB = *+(detC)Nx where Nk := [, cx Nk.
In the case K = @ we adopt the convention that Nx = 1. If {x;: j € J\K}
is linearly dependent, then the rows of X7 (J\K) are linearly dependent, there-
fore so are the rows of [XT(J\K), b(J\K)], because b € span(XT(J)). Thus
detC =0, and so detB = 0 in this case. If {x;: j € J\K} is linearly inde-
pendent, then d 4y k) =1 by assumption. For any square matrix Q consisting
of some columns of A(J\K), one can find an / x / submatrix P of A(J)
such that det P = +(detQ)Nx . Since d4)|det P, and since the g.c.d. of the
determinants of all such Q is d(J\K) =1, we have d)|Nx . Thus, in both
cases, d 4| det B, thereby completing the proof. O

Applying Theorem 4.2 to the simple scaling case, we obtain the following
corollary. Note that the sufficiency of this corollary was first proved by Dahmen
and Micchelli in [11] under an additional condition.

Corollary 4.3. Let N be a positive integer and h = 1/N. Then the integer
translates of b,(-|X) are linearly independent if and only if N is relatively prime
to |detB| for any B € Z(X).

Proof. The necessity comes from Theorem 4.2 immediately. To prove the suf-
ficiency, we pick a linear independent set {x;: j € J} of columns of X . Then
one can find an element B € % (X) so that for every j € J, x; is a column
of B. We have dyr(;)|detB; hence

g.cd.{dxry), N}g.cd.{detB, N}.

But the latter is 1 by assumption. Thus the sufficiency follows from Theorem
42. 0O

5. PARTIAL DIFFERENCE EQUATIONS

Certain linear partial difference equations arise from the study of box splines.
In this section we shall investigate these equations. Such an investigation is
essential for our understanding of the local structure of discrete box splines.

For y € R® and a function f defined on R*, we denote by D, f the di-
rectional derivative of f in the direction y, and by V, f the corresponding
backward difference of f':

Vyfi=1—-f(-»).

More generally, for a multiset Y of vectors in R°, let

Dy:=[[Dy,, Vy:=]]V,.

yeyY yeY
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Here by a multiset we mean a set with possible repeated elements (see [25, p.
15]).

Let X be an s xn real matrix. We also view X as the multiset of its column
vectors X, ..., X,. The support of the box spline B(:|X) is

n
[x1:= {Zz,»xj: 0<t<1, allj} ,

J=1

which is also known as the zonotope spanned by x;, ..., x,.
The following differentiation formula was given in [3]:

(5.1 DyB(:|X) =VyB(:|X\Y) forY C X.
We assume that X spans R* and use the abbreviation
Z(X):={Y CX: span(X\Y) # R},

where span(X\Y) denotes the linear span of X\Y . Further, assume that X
is an integer matrix. Then by (5.1) we find that for any Y € Z'(X), DyB(-|X)
has its support in

(5.2) c(X):= |J (span(X\Y)+Z),
YeZ(X)

which is a union of hyperplanes in R°. A connected component of [XJ\c(X) is
called a fundamental X-region (see [9]). Thus, on each fundamental X-region,

(5.3) DyB(-|X)=0 forall Y € Z(X).

This motivates us to consider the following system of linear partial differential
equations for f € Z'(RS):

Dyf=0, Ye%(X).

The solutions to the above system form a linear space, which we shall denote
by D(X). It was proved in [3 and 7] that D(X) is a finite dimensional linear
space of polynomials provided X spans RS. From (5.3) we see that on each
fundamental X-region, B(:|X) agrees with some element of D(X).

Analogously, consider the following system of linear partial difference equa-
tions for f € §, where S denotes the linear space of all mappings from Z° to
C:

Vyf =0, Y e (X).

The solutions to the above system form a linear space, which we shall denote by
V(X). It was proved in [10] that V(X) is a finite dimensional space provided
X spans RY.

In what follows, for a subset E of R, we set

v(E|X) = (E - [X]) N Z".

When E = {y} we denote this set by v(y|X). Note that a € v(E|X) if and
only if the support of B(- — a|X) intersects E. By the definition of v(y|X),
we see that the compact set y — [X] is disjoint from Z*\v(y|X), which is a
closed set. Hence there exists an open neighborhood G, of the origin such
that y — [X] + G, is disjoint from Z°\v(y|X). This shows that v(y|X) =
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v(y + Gy|X) . More generally, for any nonempty subset E of R°, there exists
an open set G containing E such that v(E|X) = v(G|X).

Dahmen and Micchelli in [10] proved that for a point y € RS\c(X), any
mapping from v(y|X) to C has a unique extension to an element of V(X).
They used this result in [12] to study the piecewise structure of discrete truncated
powers. This result, however, is not adequate to give a satisfactory description
of the local structure of discrete box splines (see [11]). To this end, we extend
their results as follows.

Theorem 5.1. Let Q be a nonempty connected subset of R*, and X a multiset
of nonzero integer vectors in R such that span(X) = R°. Let g be a sequence
on v(Q|X), i.e, a mapping from v(Q|X) to C, which satisfies the following
condition: For any Y € % (X),

(5.4) Vyg(a) =0 forall a e v(QX\Y).
Then there exists a unique element f € V(X) such that f agrees with g on
v(Q|X).

Of particular interest is the case in which X is a basis for R*. In such a
case, we can prove the following stronger result concerning nonhomogeneous
partial difference equations. For some related results, see [18, §4] and [19].

Theorem 5.2. Let V be an s x s integer matrix whose columns form a basis for
RS . Associate to each column vector v € V a sequence a, € S. Then the system
of linear partial difference equations

(5.5) Vruf=a'u, UGV,
has a solution f in S if and only if
(5.6) Vuay =Vya, foru#wv.

Moreover, given a point y € R*\c(V) and a mapping g from v(y|V) to C, the
system (5.5) has a unique solution f satisfying the initial condition

(5.7) f(y)=gy) forallyev(y|V),

provided the compatibility condition (5.6) holds.

Proof. Evidently, the compatibility condition (5.6) is necessary for the system
(5.5) to have a solution. Let us prove that (5.6) is also sufficient. We observe that
RS is the disjoint union of y — V([0..1)*) + VB, B € Z°. Since y € R’\c(V),
we have

(y = V([0.1)) + VB)NZ = v(y|V)+ VB for B € Z°.

Hence Z°* is the disjoint union of v(y|V)+V B, p € Z°. Thus any a € Z* has
a unique representation as follows:

(5.8) a=y+Y By,
veV
where y ev(y|V) and By, €Z,all veV.For m=0,1,...,let
Gm:=|J wOIM)+VH),
|Bl=m

where |B]:=) <y |By|. Note that Go =v(y|V).
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Suppose f € S is a solution to the system (5.5) satisfying (5.7). Then for
any v € V and all a € Z°,

(5.9) fla) = fla=v)+ay(a),

(5.10) fla) = fla+v) —ay(a+v).

From the representation (5.8) of o we see that if o € G4, then a—v € G,
whenever 8, > 0, and a + v € G,, whenever B8, < 0. Thus the values of f
on Z° are uniquely determined by (5.9) and (5.10) together with (5.7). This
proves the uniqueness of the solution.

Furthermore, (5.9) and (5.10) together with (5.7) give an inductive way to
define f on G, (m = 0,1,...). We only have to verify that f is well
defined. For this, we argue by induction on m. Suppose f is well defined
on U;."=0 G; and satisfies (5.7), (5.9) and (5.10). We wish to prove that the
same is true for G,,,, . Pick a € G,,4; . Suppose in the representation (5.8) of
a, By #0, By #0, for u,v € V, u # v. We shall only deal with the case
B, >0 and B, > 0, since the other cases can be treated in the same way. In
such a case, a —u — v € G,,,—; . Since (5.9) is true by the induction hypothesis
when «a is replaced by o — u € G,, , we obtain

fla—u)+a,(a) = fla—u—-v)+ay(a—u)+ay(a)
= fla—u—v)+a,(a—"v)+ ay(a)
= fla - v) +ay(a),

where we have used the condition (5.6) to derive the second equality. This
finishes the induction step. The sequence f so constructed is a solution to the
system (5.5) due to (5.9) and (5.10), and satisfies the initial condition (5.7). O

We are now in a position to prove Theorem 5.1. Our proof follows along the
lines of the paper [15].

Proof of Theorem 5.1. The proof proceeds by induction on # X . First, consider
the case #X = s, i.e., the columns of X form a basis for R®. By the remark
made before the statement of Theorem 5.1, there exists a connected open set G
containing Q such that v(G|Y) = v(Q|Y) forall Y C X. Thus, without loss of
generality, we assume that Q itself is a connected open set. Pick y € Q\c(X).
By Theorem 5.2, there exists an element f € V(X) such that f agrees with g
on v(y|X). We shall demonstrate that f agrees with g on v(Q|X). For this
purpose, it suffices to show that f agrees with g on v(z|X) forall z€ Q. Let
z € Q. Since Q is open and connected, we can find a finite sequence of points
Yo, ..., Ym satisfying the following conditions: (a) yg = y and y, = z; (b) for
every j € {1, ..., m}, the segment connecting y;_; with y; liesin Q; (c) for
each je{l,...,m}, yj—y;j—y =ax for some a € (-1/2..1/2) and x € X .
Knowing that f agrees with g on v(y|X), we shall prove by induction on j
that f agrees with g on v(y;|X), j=1,..., m. Let j >0 and assume that
S agrees with g on v(y;_i|X). Suppose y; —y;_; = ax for some x € X and
ae(-1/2..1/2). Pick a € v(y;|X). Then

(5.11) yj—a€tx+ [X\x]
for some ¢ € [0..1]. It follows that

(5.12) Vici—a=(y;j—ax)—a€ (t—a)x+[X\x].
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We have t—a € (—1/2..3/2). If t—a € [0..1], then « also belongsto v(y;_i|X)
by (5.12); hence f(a) = g(a) by the induction hypothesis. If t—a € (-1/2..0),
then
Vi1 —(@—x)e (1 +t—a)x+[X\x] C [X],

and therefore o — x € v(y;—i|X). Moreover, t —a € (-1/2..0) and ¢ € [0..1]
imply 0 <t < a, hence y; — tx lies in the segment fromy; | = y; —ax to
y;, and therefore lies in Q. By (5.11) this shows that a € v(|X\x). Thus it
follows from (5.4) that g(a) = g(a — x). By the induction hypothesis and the
fact that f € V(X) we obtain

fla) = fla—x) = gla—x) = g(a).

In the case ¢t —a € (1..3/2), one can prove f(a)= g(a) in the same way. This
shows that f agrees with g on v(y;|X) and finishes the induction step. Thus
Theorem 5.1 is true for the case #X =s.

Now let # X > 5. Suppose the theorem is true for any multiset X’ of vectors
with span(X’) =R® and # X' <#X. Let ¥V C X be a basis for R°.

First, we associate to each v € V a sequence a, € S as follows. If X\v
does not span R*, then we set a, = 0. If X\v spans R°, then we choose a,
to be an element of V(X\v) such that

(5.13) ay(@) = Vog(a) for all a € v(QX\v).

The existence of a, is guaranteed by the induction hypothesis, since for any
Y € Z(X\v) we have span(X\v\Y) # R° and hence by (5.4)

VyVyg(a) = Vyuwg(a) =0 forall a € v(Q|X\v\Y).

Next, consider the system (5.5) with the sequences a, chosen as above. Let
u,veV, u#v.If X\u\v spans R*, then we have

Vuay(a) =V, Vygla) =V,V,g(a) = Vya,(a) forall a € v(QX\u\v).

Therefore by the uniqueness part of the induction hypothesis, V,a, = V,a,
everywhere. If X\u\v does not spanR’, then both V,a, and V,a, vanish
on Z°. This verifies the compatibility condition (5.6). Thus by Theorem 5.2
there exists a solution f € S to the system (5.5). We claim that f € V(X).
Indeed, any Y € ¥ (X) contains an element v € V', for otherwise X\Y would
contain V', which is a basis of R®. For this v, Y\v € Z(X\v). If X\v does
not spanRs, then a, = 0; otherwise a, € V(X\v). In both cases we have

Vyf =VywVef =Vywa, =0.

This verifies our claim.
Let Q' := Q- [X\V]. Then ' is also a connected set and v(Q'|V) =
v(Q|X). Since V,f =a, for v eV, it follows from (5.13) that

Vo(g - f)(@) =0 forall a € v(QX\v) = v(Q|V\v).

Hence by what has been proved before one can find an / € V(V) € V(X) such
that A agrees with g — f on v(Q/|V). Let f:= f+h. Then f e V(X) isan
extension of g.

To prove the uniqueness it suffices to show that any f € V(X) vanishing
on v(Q|X) must be identically zero. Let v € V. If X\v does not span R’,
then V,f = 0; otherwise V,f € V(X\v). In the latter case, V,f = 0 on
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v(Q|X\v). Hence by the induction hypothesis we have V,f = 0. Thus f €
V(V) and f=0 on v(Q'|V). By Theorem 5.2 we conclude that f=0. O

Remark. Our proof of Theorem 5.1 is self-contained. In contrast to Dahmen
and Micchelli’s method [9], our method does not rely on any information about
the volume of the zonotope of [X]. In fact, it is easily derived from Theorem
5.1 that the volume of [X] equals dim(V(X)). Thus one can find the volume
of [X] by computing the dimension of V(X).

6. THE LOCAL STRUCTURE OF A DISCRETE BOX SPLINE

To study the local structure of a discrete box spline we need to consider
partial difference equations on a lattice. Here by a lattice in R® we mean a free
Z-module of dimension s generated by finitely many rational vectors in R°.
(A vector is called a rational vector if all its components are rational numbers.)

Let M be alattice, and let S(M) be the linear space of all mappings from M
to C. Let X be a finite multiset of vectors in M such that span(.X) = R®. Then
for any x € X the difference operator V, maps S(M) into itself. Consider
the system of linear partial difference equations for f € S(M),

Vyf=0 forallY e Z(X

The solutions to this system form a linear subspace of S(M), which we shall
denote by Vs (X).

Theorem 6.1. Let Q be a nonempty connected subset of R°, M a lattice in RS,
and X a finite multiset of vectors in M such that span(X) =R*. Let g be a
mapping from (Q—[X1)NM to C having the property that forany Y € % (X)

(6.1) Vyg(a)=0 forallae(Q-[X\Y])NM.

Then there exists a unique element f € V(X) such that f agrees with g on
Q-[X)NM.

Proof. The free Z-module M has a basis, say {v;, ..., vs} (e.g., see [14,
§IV.2]). Let 4 be the linear transform on R° determined by Av; =¢;, j =
1,...,s, where e; is the jth column of the s x s identity matrix. Then
AM = 7Z° and AX C Z°. The linear transform A4 induces a mapping f +—
f o A7! which is an isomorphism between S(M) and S. We observe that
f € Vy(X) if and only if fo A~! € V(A4X). Moreover, for any Y € ¥ (X),
(6.1) is equivalent to

Vair(goA N(a)=0 forall ae (4Q - [A(X\Y)]) NZ:.
Thus the present theorem reduces to Theorem 5.1. O

Let now X be an s x n integer matrix of full row rank with columns
Xi,...,Xx, and let H = diag{h;,..., h,} be a scaling matrix. If x is a
column of X, we write A, for h; in the case x = x;. Given Y C X ,by YH
we denote the multiset {h,y: y € Y}. The discrete box spline by(:|Y) can be
defined in terms of its Fourier transform (see (2.9)):

1 — exp(—i&Ty) s
Hl , £ eRS.

—exp(—i&Tyh,)
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It follows that
(6.2) Vyubu(+|X) = Vyby(-|X\Y),

which is obtained by comparing the Fourier transforms of both members.

Let M be alattice in R® containing both XH and Z°®. We view the discrete
box spline by(+|X) as a mapping from M to C by defining by(a|X) =0 for
a € M\ supp(bu(+|X)).

The following theorem describes the local structure of the discrete box spline
bu(-|X).

Theorem 6.2. For each fundamental X-region T', there exists a unique element
Jr € Vy(XH) which agrees with by(-|X) on (T —[XH])NM.

Proof. Any element in %' (XH) is of the form YH, where Y € Z(X). By
Theorem 6.1, it suffices to prove that for any Y € Z'(X),

(6.3) Vywbu(alX) =0 forall a e (I - [(X\Y)H])N M.

Since I' is a fundamental X-region, we have I'nc(X) = @, where ¢(X) is given
by (5.2). Moreover, Y € Z (X) implies that [(X\Y)H] C span(X\Y) C ¢(X).
Hence

aeT—[(X\Y)H)NM = a ¢ c(X).

Since Vyby(-|X\Y) is supported in c¢(X), it follows that

Vyby(a|lX\Y)=0 forallae (I'-[(X\Y)H]) N M.
This together with (6.2) verifies (6.3), as desired. O

7. LOCAL LINEAR INDEPENDENCE

Given a subset Q of R°, we observed before that the support of the box
spline B(- — j|X) (j € Z°) intersects Q if and only if j € v(Q|X). Thus
we say that the integer translates of B(-|X) are locally linearly independent if,
for any open subset Q of R’, the translates B(- — j|X), j € v(Q|X), are
linearly independent over Q. It was proved in [9 and 16] independently that
the integer translates of B(-|X) are locally linearly independent if and only if
they are linearly independent.

One would attempt to define in the same fashion the local linear indepen-
dence of the integer translates of a discrete box spline. However, such a def-
inition is inappropriate, as the following example illustrates. Let s =1, X =
[1,1], and A = 1/2. Then the discrete box spline b,(-|X) is supported on
{0, 1/2, 1}, and takes value 1/2 atOand 1,and 1 at 1/2. Let Q = (1/2..3/2).

Then
{1}, ifj=0o0rl;

supp(by(- — j))NQ = { @,  otherwise.

Clearly, the integer translates of by(:|X) are (globally) linearly independent,
but the translates b,(- — j|X) (j =0, 1) are linearly dependent on Q. Conse-
quently, we have to modify the definition of local linear independence to suit
our purpose.

We point out that for j € Z°,

(7.1) supp(bu (- — j|IX)) N (Q - [XH]) # 2




194 RONG-QING JIA

if and only if j € v(Q|X). Indeed, (7.1) is equivalent to
(supp(by (- — j| X)) + [XHI) NQ # 2.

But the support of by(- — j|X) is j + X(Ey), where Ey is given by (2.3);
hence

supp(bu (- — j|X)) + [XH] = j + X(En) + [XH]-=j + [ X1,

while (j + [X]) N Q # @ if and only if j € v(Q|X). Thus, we say that
the integer translates of by (:|X) are locally linearly independent if, for any
nonempty subset Q of RS, the translates by (-—j|X), j € v(Q|X), are linearly
independent over Q — [XH].

Theorem 7.1. The integer translates of by (:|X) are locally linearly independent
if and only if they are linearly independent.

Proof. Choosing Q = R® in the above definition, we see that local linear in-
dependence implies linear independence. To prove the converse, we assume
that the integer translates of by(-|X) are linearly independent and let Q be
a nonempty subset of R°. We wish to show that the translates by(- — j|X)
(j € (2] X)) are linearly independent over (Q — [XH]) N M, where M isa
fixed lattice in R* containing both XH and Z°. As was done in the beginning
of §5, one can find an open set G containing Q such that v(G|X) = v(Q|X)
and (G- [XH])nM = (Q - [XH]) N M. Moreover, we have

(1.2) v(G|X) = v(G\c(X)|X).

Indeed, j € v(G|X) implies that j+[X] intersects G ; hence one can find u €
G\c(X) such that j+[X] > u. It follows that j € v(u|X). This verifies (7.2).
Thus the theorem will be proved if we can show that for any u € R*\¢(X), the
translates by (- — j|X) (j € v(u|X)) are linearly independent over u — [XH].
If this were not true, then there would exist a nonzero mapping g from v(u|X)
to C such that

(7.3) > gU)bu(a—jlX)=0 forallee (u—[XH])NM.
Jj€v(ulX)
Since u ¢ c(X), the condition (5.4) is vacuously true for Q = {u}; hence by

Theorem 5.1, g can be extended to an element of V(X), which we shall still
denote by g. Then g # 0. Let f be the sequence on M given by

(1.4) fle)=Y" g()bula—-jlX), aeM.
JEZS

We claim that f € Vp(XH). Indeed, for any Y € Z(X), Vyg =0, and by
(6.2) we have

Vyuf = 8()Vyubu(- - j|X)
JET
=Y 8(j)Vrbu(- - jIX\Y)

JET

=" (Vyg)()bu(- - jIX\Y) =0.
JEZs
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But for o € (u - [XH]) N M, by(a — j|X) # 0 if and only if j € v(u|X).
Thus it follows from (7.3) and (7.4) that

fla)=0 forallae (u—[XH])NM.

Applying Theorem 6.1 to f, we conclude that f = 0. Since g # 0, (7.4)
means that the integer translates of bgy(-|X) are linearly dependent, which is a
contradiction. O

8. MULTIVARIATE DISCRETE EXPONENTIAL SPLINES

In this section we extend the results in the previous sections to discrete expo-
nential box splines. Exponential box splines were introduced by Ron [20]. See
[1 and 13] for various properties of them. The following exposition of discrete
exponential box splines is taken from [13].

Let X be an s x n integer matrix of full row rank. Associate to each row
xj of X acomplex number u;, j=1,...,n,andlet x4 be the vector in C”
with u; asits jth component. We write u, for u; in the case x = x;. The
exponential box spline B,(-|X) is the distribution given by the rule

B,(-|X): ¢ — e MUy Xu)du, ¢eD(R).

[0..1)r
When x4 =0, B,(-|X) reduces to the box spline B(:|X).
Let H = diag{h,, ..., h,} be a scaling matrix. The exponential box spline

By(-|X) is related to By, (<|[XH) in the following way:

B,(-|X) = (detH) Y by n(a|X)Buu(-—o|XH),
a€EX(Ey)

where Ey is given by (2.3) and

(8.1) bunaX)= Y e*F,  aeX(Ep).
BGEH,X;?:a

The sequence (b, y(alX))aecx(k,) is called the discrete exponential box spline
associated with u, X ,and H. We also view b, y(-|X) asalinear combination
of Dirac measures. The Fourier-Laplace transform of b, y(+|X) is computed
from (8.1) to be

1 —exp(—(u; + i&Tx;)) s
(82) /; H( |X H 1 _exp th + léT;Cj)) et

For simplicity, we shall investigate linear independence of the integer trans-
lates of b, g(+|X) only for the simple scaling case, i.e., H = diag{h, ..., h}.
In this case, we write b, ,(-|X) for b, p(-|X), and write N for 1/h. Then
N is a positive integer. Let

Xe:={x€X:u,+iéTx € 2niNZ} foréeC

and

Ay p(X) :={£ € C: span(X;) = R°}.
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Theorem 8.1. Let X be an s x n integer matrix of full row rank. The integer
translates of the discrete exponential box spline b, ,(-|X) are linearly indepen-
dent if and only if the following two conditions are satisfied:

(1) by (-1 X)"(&) #0 forany S € A, n(X);

(i) N is relatively prime to detV for every V € #(X).
Proof. The sufficiency of this theorem was established by Dahmen and Micchelli
(see [13, Corollary 9.4]). To prove the necessity we assume that the integer
translates of b, ,(:|X) are linearly independent. Then the condition (ii) can
be established by an argument analogous to that used in the proof of Theorem
4.2. It remains to prove (i). If (i) were not true, then there would be some
¢ € A, n(X) such that b, ,(-|X)"(&) = 0. We claim that in this case for some
x € X and all a € Z*

(8.3) Ux + ixT(E + 2na) € 2ni(Z\NZ).
This in connection with (8.2) would imply that
by wn(:|X)"(€ +2ma) =0 forallaeZ’,

which, by Theorem 4.1, contradicts the assumption that the integer translates
of b, 4(:|X) are linearly independent.

Let a = (a, ..., as) € Z*. There are two possible cases: Either x’a ¢ NZ
for some x € X;, or xTa € NZ for all x € Xg . In the former case, we have
xTa € Z\NZ. But x € X; implies that u, + ixT¢ € 2niNZ. Therefore (8.3)
follows. In the latter case, x”a € NZ for all x € X;. Since & € 4, x(X), X;
spans R°. Let V' be a basis of R® contained in X;. One can find integers kx
(x € V) such that

xTa=k,N forall x e V.

Applying Cramer’s rule to the above system of linear equations, we obtain

ar=Nm,/detV, r=1,...,s,
where m;, ..., m; are integers. Since N is relatively prime to detV , detV
must divide m, . It follows that o, € NZ, r=1,...,s. Moreover, in view of

(8.2), b, 4(:|X)~(¢) = 0 implies
Uy + ixTE€ € 2mi(Z\NZ),
for some x € X. But xTa € NZ, hence (8.3) is valid for this x. O

Let us now consider certain linear partial difference equations arising from
exponential box splines. Given x and X as before, we define V,, , f 1=V, f+
tof for ve X and f€S. For Y C X, let Vv :=[],cy Vu,y. Denote by
Vu(X) the linear space of those sequences f € S for which

Vurf=0 foral Y e Z(X).
The following theorem can be proved in the same way as Theorem 5.1 was.

Theorem 8.2. Let Q be a nonempty connected subset of R®. Let g be a mapping
from v(Q|X) to C satisfying the condition that for any Y € ¥ (X),

V.vg(a)=0 forallaev(QX\Y).
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Then there exists a unique element f € V,(X) such that f agrees with g on
v(Q|X).

Let M bealattice in R® containing both XH and Z°. Denote by V, »(XH)
the linear space of those mappings f from M to C for which

Vuvyf=0 forall Y € (XH).
The following theorem describes the local structure of b, y(:|X).

Theorem 8.3. Let M be a lattice in R® containing XH and Z°. For any
Sfundamental X-region T, there exists a unique element fr € V, p»(XH) which
agrees with b, u(-|X) on (T -[XH])NM.

We can define local linear independence of the integer translates of the dis-
crete exponential box spline in the same way as we did for the discrete box
spline in §7. We state the following theorem about local linear independence to
conclude this paper.

Theorem 8.4. The integer translates of b, ,(+|X) are locally linearly independent
if and only if they are linearly independent.
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